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*
;envalue problem related to cell growth

M. Heijmans

\CT

‘n this paper, the eigenvalues of the operator corresponding to the
11 differential equation, which describes the evolution of a popula-
reproducing by simple fission , are investigated. This is done by
‘orming the eigenvalue problem to an integral equation. The theory

ming positive operators on a Banach space appears to be very useful.

JRDS & PHRASES: population density, cone in a Banach space, positive

operator, u,-positive operator, non—support cperator
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UCTION
n this paper, we study the eigenvalue problem

é% (g(x)n(x)) = - an(x) - uE)n(x) - b(x)n(x) + 4b(2x)n(2x),
la<x <1

(where one should read b(2x)n(2x) = 0, x > })

n(3a) = 0

n 1s summable.

udy of this eigenvalue problem can be seen as part of a bigger project,

' the investigation of the partial differential equation

on

My 2 (@GOn(E,1) = - uEnt,X)-bEn(t,x) -

+ 4b(2x)n(t,2x), la<x<1,t>0
n(0,x) = ¢(x)

n(t,3a) = 0,

describes the dynamics of a population, the members of which reproduce
ple fission into two equal parts (for instance algae or cells). Here
-he time, x stands for the weight of an individual, n is the population
:y as a function of t and x, u is the death-rate, g is the growth-rate
1 individual) and b is the rate at which individuals divide.

This evolution equation which originally has been derived by SINKO and
FER ([9]; see also BELL and ANDERSON [1]) will be studied in a forth-

; paper [2]. The present paper is entirely concerned with the inves-
ion of the eigenvalue problem (0.1). Our main conclusion will be’ that
‘has a dominant real eigenvaluefxo with corresponding positive eigen-—

¢ n.. In [2], this conclusion will be used to prove that the solution

0
> linear evolution problem (0.2) behaves, under the extra assumption

w

growth-rate g(2x) < 2g(x), asymptotically for t » « as

Aot
n(t,x) ~ Ce nO(X),




1ere C is a constant depending on the initial condition ¢ only. AO may be
1iterpreted as the Malthusian parameter (intrinsic rate of natural increase)
>r this model and n, as the stable weight distribution.

The organization of this paper is as follows. In section one, the eigen-
1lueproblem (0.1) and the properties of the functions p,b, and g are de-
:ribed in more detail. In section two we shall reduce the problem to
1 integral equation, by means of some elementary transformations.

In section three some results from the theory of positive operators are
resented, and in section four and five these results will be used to prove
le existence of a dominant eigenvalue (i.e. an eigenvalue with largest real
irt) . The eigenvector corresponding to this dominant eigenvalue will appear
> be positive.

The position of the remaining elements of the spectrum will be investi-
ited in section six, and here the characteristic equation which provides us
.th a tool to compute the eigenvalues explicitly, will be derived.

In section seven, finally, the adjoint equation is studied.
ICTION ONE: ASSUMPTIONS ON b,g AND u

In this section we will specify what values b,g and u can take, and we

.11 derive the boundary conditions for the eigenvalue problem (0.1).

> make the following assumptions concerning g:

1° g is continuous on the interval [ia,l1]
L 1)

2O

g(x) >0, tla<x<1.

1is last assumption is very essential. In fact, the whole theory developed
1 this paper would not work anymore if g(x) would become zero or negative
)r some values of x. The assumption that g is continuous has been made for

mvenience. It makes things easier to work with.

)r 1 we only assume that it is summable, i.e.
W€ Ll[%a,l] .

is supposed to satisfy the following conditions:




1. b is summable on [la,l-e] for all e >0 >
2. b(x) =0, la<x<a
b(x) > 0, a<x <1 5

3. 1lim f;—e b(x)dx = =,
e¥0

.tion 2. tells us that the minimum weight at which individuals can divide

This is described by the boundary condition

consequence of 3., individuals have to divide before they can reach

. Indeed we have n(l) = 0, for a solution of (0.1) as we show now.

'_—.\N

E(x) := exp (- Eﬁ%%é%&ﬁl dg), la<x<1,
la
E(1) = 0.
» x
G(x) := .[ é%%?’ la<x< 1.
ia

the solution of (0.1) on [{,1] is given by
n(x) = A, ——<

v A is some constant.

implies among others
n(l) =0

is a solution of (0.1).

The assumptions on the functions b, g and u are very natural, taking
: biological interpretation into account.
The interpretation of n indicates that the solutions of (0.1) have to

mmable. There is no justification for working in the space of continuous




functions. However, in section two, it will appear that all
(0.1) are continuous.

In case that a > 0 the problem can be solved in a finit
steps, whereas this is impossible when a = 0. With this in m
thought it interesting to study both cases, although the cas

relevant from a biological point of view.

SECTION TWO: REDUCTION TO THE INTEGRAL EQUATION.

An abstract way of writing equation (0.1) is:

2.1) An = An, n € D(A) ,

where A is the closed linear operator given by

(2.2) (40) () = - = (8GOnG) - uEE - bEn() +
with domain

D(A) = {n e L;[4a,1] | £ (g@n) is defined a
(2.3) and Yoo [%a’”(— dix (g(x)n(x)) - ux)n(x) - b)n(x)

+ 4b(2x)n(2x) € Ll[%a,

Equation (0.1) can be put into a more tractable form by mean

formation

(2.4) v(x) = g (x) eAG(X)n(x),

ol
[
IA
]
IA
—

vhere E and G are given by (1.4) and (1.5). Substitution of
in (0.1) yields

d
E% = kk(x)v(Zx), la<x <1
(2.5) (where by definition kl(x)v(Zx) =0, if x > 1)

v(ia) =0 3

ons of

er of
. have

0 is less

n(2x)

he trans-

xpression




o E(2x) 1 -2 (G(2x)-G(x))
where k)\(X) Had 4b(2X) —EG—)-— g(ZX) e )

!ies the following conditions:

kA € L][éa,%]

kx(x) 20, Ja<sx<i, xeR

kx(%a) =0

@ - k(x)e M)
k does not depend on X and satisfies (2.7), (2.8) and (2.9).

: G(2x) - G(x) is continuous and positive, except at x = 0, for the
hat a = 0.

‘rom (2.5) one sees immediately that v(x) = constant for { < x < 1,

‘act together with (2.4) and the condition that n has to be summable

) v € Ll[%a,lj.

ration of' equation (2.5) on both sides and substitution of the bound-

mdition v(}a) = 0 gives us
min (3 ,x)

o ovw = | evena,

la

as<x<l1,

Nl

:he eigenvalueproblem (2.1) (or equivalently (0.1)) has been reduced

> integral equation (2.12). It is well-known that quite often integral
lons are not unpleasant to deal with, because the corresponding inte-
yperator is compact.

[n (2.11) we have already mentioned that v has to be an L]-function.

: D(A), and v is given by (2.4), one can easily see that

)v(2x) € Ll[%a,%]; as a consequence, we find that v is continuous,

ls a solution of the integral equation (2.12). This permits, us to
equation (2.12) in the space of continuous functions. Moreover, we

:hat the corresponding n is continuous as well.




Let the Banach-space X0 be defined by
(2.13) X, = {¢ € Cl}a,1] | ¢(ia) = 0}

7ith the usual supremum - norm.
’he integral operator corresponding to equation (2.12) is given by
min(3,x)
(2.14) (T, ) (x) = J k, (8)¢(28)dE, ¢ € X, .
la
’he following result follows immediately from the Arzéla — Ascoli - theorem.

See [11]).

'HEOREM 2.1. T, s a bounded, linear, compact operator on X, for all X e C.

For an operator L we denote by o(L) resp. Po(L) the spectrum of L,

‘espectively the point spectrum of L. The spectral radius is denoted by r(L).

As we have seen, there is a correspondence between the operators A

ind TA' We can formulate this in the following way.

.t ¥ be defined by

2.15) Ti={aecC|1c¢ Po(T)} .
'HEOREM 2.2.
2.16) o(A) = Po(A) = 1.

'ROOF. We have seen that An = An, for n € D(A) if and only if T,v = v, where

T e X0 is given by (2.4). This implies that I = Po(A). Now suppzse that
. ¢ Po(A), and ¢ € L][%a,lj. We are going to construct a solution

L e C [3a,1] of the inhomogeneous equation An - An = ¥. We do not demand
hat n(la) = 0.

et

R, (x) = E(x)e ()




n(x) =

By &0 e -
g(xr“‘[ R (g 4 pExsl .

juppose that we have computed n on the interval [2 P,11, p=1.

fhen the solution on [2_p_],2_p] is given by

R, (x) 2P
=N S ¥ (£)-4b (2E)n(2¢E)
R = sy * NG w8
there
R. (2P
E(Z‘p) = -—)\-?— . A .
g(2°P) P

"he constructed solution n is continuous on all intervals [2_p,1], p 2 0.
[n case that a = 0, it can be shown by a straightforward computation that
Limx+0'5(x) exists, and is finite, which proves that the solution is
rontinuous on the interval [0,1].The basic idea behind this computation is
‘hat the length of the successive intervals, on which the solution n is

romputed, reduces each time by a factor two.

In case we set Yy = 0, we find a solution of the homogeneous equation,

shich we denote with n, .
Anh - Anh = 0, n, e clia,1].

iecause A ¢ Po(A), we have nh(%a) # 0, and therefore n, ¢ D(A), and the
:quation above is only formally right.
Jet

n(l ~ -
Y:=—2—}(l%g—) and n:=n+Ynh .

hen n e Clia,1], n(la) = 0, n e D(A), and n is a solution of the inhomoge-
1eous eqaution An - An = y. Now we have proved that the range of A - AI is

the whole space Ll[%a,l]. As a consequence of the closed - graph - theorem

(See TAYLOR and LAY [11], theor. IV.5.8.) we have X ¢ o(A). (]




We shall end this section by showing that all elements of o(A) are

ted. To do this we need a theorem, proved by S. STEINBERG [10].

EM 2.3. Let E be a Banach space and K(\) an analytic family of compact
tors, defined on a domain Q. Let S(A) = I - R(\). If S(X) <s imvertible
ome XO € Q, then S_I(A) exists for all ) e€ Q\A where N 18 a discrete

t of Q.

‘n our case, one sees immediately that T, is an analytic family of

A

ct operators defined on the whole complex space €. Furthermore, in sec-
six, we shall prove that SA =I1-T1, is invertible for all X in a right-
plane. Consequently, a combination of theorem 2.3. and theorem 2.2.

S:

EM 2.4. o(A) consists of isolated points which are eigenvalues.

It will turn out that the dominant eigenvalue of A, i.e. the eigenvalue
largest real part, is algebraically simple, and that the corresponding

vector is positive. In terms of the integral operator T., this means

)\9
we must investigate the following '"positive eigenvalue problem":

o(x) = 0, fla<x <1,
oing this, we need some theory concerning positive operators.

)N THREE: POSITIVE OPERATORS

[n this section we shall present some results concerning positive
tors, emphasizing the existence and uniqueness of positive eigenvectors.
. *
Jith X we denote an arbitrary Banach space, while X stands for the
space.
. . * * *
Let T: X > X be bounded linear operator. With T : X - X we denote the

1t operator.

[TION. A subset K ¢ X is called a cone if

is closed.

+ By e K if ¢,y ¢ K and a,B 2 0.




(-x) = {0}.

8ic theory concerning cones and positive operators can be found in the

‘aph of KRASNOSELSKITI [5].

'he cone K is called reproducing if K - K = X, where K - K :=

¢, € K}. We say that K is total if K - K = X. K" is by definition the
of X consisting of all positive functionals on K, i.e. F ¢ K* if and
fF ¢ X* and F(¢) = 0, for all ¢ € K. An element ¢ ¢ K is called non-
t if F € K*, F # 0 implies that F(¢) > O. (See lemma 5.2. for an exam-
The subset of K consisting of non-support elements is denoted by QK.
'he positive functional F € K* is said to be strictly positive if

- 0, for all ¢ ¢ K satisfying ¢ # O.

TION. Let T: X -+ X be a bounded, linear operator, then T is called

ve (with respect to the cone K; also K-positive) if T¢ ¢ K for all

Notation T = O.

‘'he first instigation for generalizing the Frobenius theory (of non-
.ve matrices) to the case of positive operators on a Banach space was
in 1948 by KREIN and RUTMAN in their famous paper [6]. That paper
a.o. (partial) answers to two fundamental questionms.

)es the positive eigenvalue problem T¢ = A¢ have a solution ¢ € K,

# 0? ’

* so, is this solution unique?

leorems that we need for answering these two questions are just gener-—

:ions of their results.

TION. Let T: X > X be a positive operator with respect to the cone K

't ug be some fixed non-zero element of K. Then the operator T is

l uo-positive if for every non-zero ¢ € K some positive numbers o, B

positive integer n can be found such that au g < Tn¢ < Buo.

M 3.1. Let the cone K be reproducing and let T: X + X be positive and
t; suppose further that T is uo—positive for some uy € K: (a) then
exists a ¢0 e R\{0} such that T¢O = AO¢O’ where AO = r(T) Zs an al-

‘eally simple eigenvalue. % 18 the only positive eigenvector of T.
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(b) There is a strictly positive eigenfunctional F . e K\{0} such that

I"F. = A.F 0
o "oo°

PROOF. (a) See KRASNOSELSKII [5], section 2.3.
(b) In [6], KREIN and RUTMAN have proved the existence of a positive
*
e K \{0}, such that T*F = A F.. We only have to prove

0 0 00

that F0 is strictly positive. Suppose F(¢) = 0, for some

b e K\{O}.ocuO
n n .

xFo(uO) < FO(T ¢) = AOF0(¢) < BFO(uO). Consequently FO(uO) = 0, which

<™ < Buy-

eigenfunctional F
< Tn¢ < Buo for some n ¢ Wand o, > 0. Therefore

implies that Fo(w) = 0, for all ¢ € K. Here we have used: a’uo

Jsing the fact that K is reproducing, we find that F. = 0, which is a

0

contradiction. 0

lheorem 3.1. in this form, will appear not to be suitable for our purposes,
since the requirement that the cone K has to be reproducing, happens to be

too strong. Therefore we shall weaken this condition.

JEFINITION. Let the operator T be positive with respect to the cone K. We say

that K is T-reproducing if for all ¢ € X there exist ¢1, ¢2 € K such that
[¢ = ¢1 = by

THEOREM 3.2. If in theorem 3.1. the condition "K is reproducing" is replaced

oy "K s T-reproducing", then the conclusions remain valid.

>ROOF. Follows immediately from the proof of theorem 3.1. (a) which can be

found in [5], section 2.3.

We need another result, due to SAWASHIMA ([8]). She introduced the

a10tion of a non—support operator which is in fact a generalization of the

10otion of an indecomposable, positive matrix.

DEFINITION. A bounded, positive operator T: X - X is called non-support with
* .
respect to K, if for all ¢ € K, ¢ # 0 and F € K, F # 0, there exists an

integer p such that for all n 2 p we have F(T"$) > 0.

THEOREM 3.3. Let the cone K be total and Let T be non-support with respect

to K; suppose that o = r(T) Zs a pole of the resolvent R(X,T), then
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, U8 an algebraically simple eigenvalue of T.

lere exists an eigenvector ¢O e K such that T¢O = AO¢O' Furthermore
)€ Qo z.e. 9% 18 non-support.
lere exists a strictly positive eigenfunctional F, e K" such that

F

0
0o~ *ofo-

, ts the only positive eigenvector of T.

(a), (b) and (c) were proved by SAWASHIMA in [87]. To prove (d) we =
0 and ¢ € K\{0O} such that T¢ = A9 Using

n-supportness of T, we have FO(TP¢) > 0 for some integer p. Clearly

. that there exists a XI # A

P _ P _,P XD )
0 < Fy(1P) = Fo0Fe) = ATF (&) = TPE () = 2BF (4).

Ag = Aﬁ‘. Since AO # A] and both values are positive, this is a con-
:tion. g

)N FOUR: THE CASE a > 0

‘n section 2 we have introduced a family of compact operators TA’ where

Here we shall make clear that for all real XA the operator T, is pos-—

A
with respect to some suitable cone. We assume during this and the

ring section that A is real unless otherwise stated.

‘TION. Let the cones K K < X, be defined by

0’ 0
Ky = {6 ¢ X0!¢(x) >0, la<sx<1},
Km ={¢ € X0|¢(x) >0, la <x <1 and ¢ is non-decreasing}.

.ately it follows that Km c KO.

M 4.1,

18 reproducing .
\ KO c Km .
. 18 Tx—reproducing .

\ 1s positive with respect to both cones K, and K-

0
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PROOF. (a), (b) and (d) are straightforward. We shall only prove (c). Suppose
D € XO; because of (a) we have ¢ = ¢] - ¢2, where ¢1, ¢2 € K
= Txcb1 - TA¢2' Using (b) we have TA¢ € Km. g

0° Hence TA¢ =

1> T)%y

REMARK. T)\K0 c Km implies among others, that, if T

p € KO, then also ¢ € Km.

N has an eigenvector

. . *
The Riesz-representation theorem tells us what the dual cone KO looks

like.

THEOREM 4.2,
(a) F e Ky if and only if ¥ is given by F(4) = FL (@) = [[y, 1 ¢du, ¢ € X,
: 24>
for some positive Borel-measure p on [ia,1].
(b) F = Fu € KS is not identically zero Iff u is not identically zero, Z.e.
fga,y @ 7 0

PROOF .
(a) See RUDIN [7], theorem 2.14.
(b) In order that F is not identically zero, it is not sufficient that
1) =

j[%a,l] du # 0, because ¢(ia) 0, for all ¢ € XO. O

As we have already mentioned, we shall make a distinction between two
cases, namely a > 0 and a = 0. In the rest of this section, we shall deal
#ith the case a > 0. Let A ¢ Rbe fixed.

Let u, € Km be defined by

min(},x)
(4.3) uo(x) o= [ kx(g)dg, x € [ia,1].

a

N

THEOREM 4.,3. T, e uo—positive with respect to the cone K

PROOF. We shall use a result which was proved by KRASNOSELSKII ([5], theo-
rem 2,.2) which says the following: suppose that for all ¢ € Km there exist

integers n and m, and positive numbers a, B such that au, < T§¢ and
m . ..
[,¢ < Buy, then T, is u -positive. Now let ¢ € Km\{O}.
Ne have
min(},x)
8(1) . uy(x) = (1,0) () = J k (£){6(1) - 6(20)}dg
1
Xz
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implies that ¢(1).u0 - TA¢ € Km, because ¢(1) - ¢(28) = 0, for all

£ < 1. This means that TA¢ < ¢(1).u0, and ¢(1) > 0, because ¢ # 0.
aightforward computation shows that T§¢ € Km and (T§¢)(x) > 0, for all
x £ 1. If n is such that 27 < l1a, then we have T?¢ € Km and

(x) >0, ja<x < 1.

fore

n+1

(T3 8) () = (T14) (a) .uy(x) =

min(},x)
n n
= [ kx(i)-{(TA¢)(2€) - (TA¢)(a)} dg¢ ¢ Km,
la

se (T§¢)(2£) - (T§¢)(a) > 0, for ja < £ < 4. This, together with the

1
2
t of KRASNOSELSKII, proves the theorem. [

Using the fact that the cone Km is T,-reproducing (theorem 4.1-c) and

A
em 3.2, we have the following. There exists a ¢A € Km and a strictly

. . N *
ive eigenfunctional F, € Km such that

A

) TA¢A = rA¢A -
T'F, = r F
) NP N S N
rk = r(TA) is an algebraically simple eigenvalue. Furthermore ¢A is

nly positive eigenvector of T, with respect to K. A more extensive

A
of equation (4.5.) 1s made in section 7.

As we have seen in section two, we are only interested in positive ei-
ctors of TA corresponding to the eigenvalue 1. Therefore we have to look
hose values A ¢ R satisfying r(TX) =1,

EM 4.4, X € TR is uniquely determined by the condition r(TA) = 1.

'. Suppose Al,Xz € TR and Az > A]. Let ¢ € KO.
min(},x) min(},x)
- - -2, r(§)
(T, $)x) = k, (£)¢(28)de = k(g)e "1 ¢(28)dg




here we have used

ince r(&) = G(2¢&)

hat a > 0) 5
(T, ¢) (x
1
> e(AZ_x
here
n = e(A

et ¢A be the posi

= %(TA ). Thus

Ay 2

\%

™. >
Al Xz

his implies: ITT I
Al

r, = (1

his implies that r

. (A2
sing that n = e

lim r(T

A-—)—oo

lim r(T
Ao

n(%,x)

N

-1 >0

igenve

s stri

1, one

ie § > 0 (Here we T

(2g)dg =: (n+1)(TA

f TA correspondin

hen 2

nr, ¢ .
AZ Az

hat

onotone decreasing

immediately

:1y used

.envalue

ermore,




15

This makes the proof complete. [J

Now we have proved that there exists a unique AO e IR, a unique ¢O € Km’

and a unique, strictly positive functional FO such that

and the eigenvalue 1 of T is algebraically simple.

REMARK. There is a more elegant and transparant way to obtain the results of
this section. The basic idea is to study the integral equation (2.12.) on the

subinterval [a,1].

min(},x)
(T,9) (x) = J K (8)9(28)dE,  § e Cla,1] (%)
ia

The values of TA¢’ for ¢ € XO’ on the interval [la,a] are completely deter-

mined by the values of

$ := | e Cla,l1]
La,1]

4

Suppose.a € Cla,1] is a solution of TXE = ¢, where T, is given by (%), and

) A
let the extension ¢ of ¢ on [ia,1] be defined by

]
©-
~
»
-’
m
IA
»
IA

¢ (x)

9(x) = |k, (£)9(20)dE, jas<x<a .

1
o ——

Then ¢ ¢ X, and ¢ is a solution of the original integral equation (2.12.).

0
The advantage of this method is, that it permits us to work in the cone

~

K=1{% e cla,1]] $(x) = 0}, which hasonon—empty interior %. The operator T,
is strongly-positive with respect to K, i.e. for all ¢ € K there exists on
integer n = n(¢) such that T?¢ € %. Now the unicity of the positive eigen-—
vector is given by theorem 6.3. of KREIN and RUTMAN. However this approach

fails in the case that a = 0, and for that reason, we have chosen a
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different road.

SECTION FIVE: THE CASE a = 0

In this section we are going to deal with the case that a = 0. There
is an importaﬁt distinction between this case and the former ome. If a is
non-zero, then the problem can be solved in a finite number of steps; this
can not be done if a = 0. As a consequence the methods used in section four,

have to be adapted.
Let A € R be fixed.

THEOREM 5.1. The operator T, s non—-support with respect to the cone Ky-
PROOF. Let ¢ € KO’ & # 0, and F ¢ KS, F # 0. Following theorem 4.2. there

exists a positive Borel measume p on [0,1] such that

{ du # 0, and F(y) = Fu(w) = J pdu, for all ¢ € X
(0,11 [0,1]

Hence there exists an’@ > 0 such that for all ¢ satisfying

0°

0 < € < o one has: du > 0,
(o—-g,a+e)

Let p be an integer such that 2P < a. Then for all n > p we have

(T3¢) () > 0.

ience
ote
F(T§¢) = Fu(T§¢) = f (T§¢)du > J (T"¢)dy > 0 if n > p. [
[0,1] a—¢

Since TA is compact, all eigenvalues are poles of the resolvent. Furthermore
KO is reproducing (and hence total) as we have seen in theorem 4.1. Therefore

we can apply theorem 3.3. There exist an eigenvector ¢, €K (and following

0
the remark on p.24. ¢A € Km) and a positive eigenfunctional F. € K. such

A 0
that
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r, = r(Tx) is an algebraically simple eigenvalue, ¢A € QK , and ¢A is

A
\ly positive eigenvector belonging to T,, and F, is strictf& positive.

A A
8 in section four it remains to prove that A ¢ IR is uniquely deter-
by the condition r(Tx) = 1, Note that we cannot apply theorem 4.4.,
ie the proof of that theorem explicitly makes use of the fact that a

—zero. We need the following lemma.

5.2. Suppose ¢ € K- Then ¢ € Q 2ff ¢(x) > 0 for all x € (0,1].
0

et ¢ € QK and suppose ¢$(a) = 0, for some o ¢ (0,1]. Let the positive

lon—-zero Bgrel measure p on (0,1] be given by:

‘or all Ve[0,1]: u(V) =0, if o ¢ V.
u(v) 1, if o € V ,

‘hen

FU(¢) . J ¢du = ¢(a) = 0 and F # 0.
[o,11]

'his is a contradiction.

et ¢ € Ky and ¢(x) > 0, for all x € (0,1]. Supvose F = Fu € K;\{O};

‘hen the positive Borel measure u is not identically zero, i.e.

:0{1] du > 0 which means that for some o > 0, and for &€ > O sufficiently

small we have I(a—s,a+s) du > 0. Using ¢(a) > 0 we find

J ¢du = Fu(¢) 2 f ¢du > 0, O
(0,11 (a-e,a+e)

M 5.3. The number ) € R is uniquely determined by the condition
= 1.




ROOF. Let Al < Az and let ¢, , FAi’ i=1,2, be
— i

nd eigenfunctional of TX and T; .

1 1
Ty .9, = 5.0, s 1= 1,2,
11 11
TF, =1, F ,i=1,2,
171 11

a1en

) F (T, ¢4, )
Ay Ay

.- 2 1 2 "1 _
A F. (4. ) F, (¢, )
2 Ay A Ay Ay
F, (T, ¢, ) F, ((T,- T, )¢, )
R R s
F, (¢, ) F, (4, )
A oM
min(},x)
(T,- T, )¢, )(x) = {k, (&) -k
A ATy ! A A

or all x > 0, which means that (T}\I—T)\z)q)}\I € Qg

.2, This and the strict positivity of F, implyt

A
hich implies that r(TX) is st;ictly mono%one dec
€ R: there exists a ¢X € Km such that TA¢A = fk
= It ¢, = el =1 = [}
To () = 1T 0,0 =10, (1) = x ol =, of 'k
sed that for any vector ¥ ¢ K we have vl = v(1
hat ¢x(x) is constant for all x e [§,1]. It foll

k, (E)de k (B)dE |

IA
2]
>
IA
O =

Bt NI~

sing (2.12.) we find

I
8

lim r(TX)

A>—0

|
(@)

lim r(TA) =
A >+




This completes the proof

Now we have proved

and a strictly positive

T, ¢, =9
SR
T F, = F, ,
Ag 0 0

and the eigenvalue 1 of

The remaining part
and a = 0.

Let n, be defined b

_ E(x)
(5.1.) no(x) = TR
Then we have the followi

no(x) >0,
nO is continu
Ano - XOnO =

n. is the onl

0
Furthermore we have:

THEOREM 5.4. The eigenva

PROOF. The geometric sim
from the geometric simpl
(A—Ao)zn = 0 and (A—XO)n
have (A—AO)ﬁ =0 and § #
assume to be 1 (without
(TAO—I)V = ¢ where v is

and
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istence and uniqueness of Ag € 11,¢0 € Km

onal FO such that

algebraically simple.

s section is valid both for the cases a > 0

(X)cbo(X) .

ults:

IA
s

tive eigenvector of A.

e Po(A) Zs algebraically simple.

y of the eigenvalue A, € Po(A) follows directly

0

of the eigenvalue 1 € Po(T, ). Now suppose that

A
or some n € D(Az). Definingoﬁ 1= (A—Ao)n we
nce A(x) = uno(x) for some o ¢ €, which we

f generality). (A—ko)n = n, can be reduced to

0
by (2.4)
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% n_(g)
w(x)=J 0 7 A6y,
la

Using the Fredholm alternative, we find that this equation is solvable iff

Fo (V)

0 where Fj is the strictly positive eigenfunctional satisfying

F

IT* F . Using the fact that ¥ ¢ K , we find a contradiction. [
}\00 0 m

In the forthcoming section we shall make clear why this eigenvalue X

0
is so important.

SECTION SIX: ON THE POSITION AND COMPUTATION OF THE EIGENVALUES

In the former two sections we have seen that the operator A has exactly
one positive eigenvector corresponding to an eigenvalue NyEZR. (See
corollary 5.4.). Now we shall prove that %)is the principal value of A, i.e.
the eigenvalue with the largest real part. We need the following elementary

lemma.

LEMMA 6.1, Suppose a < b, and let f € Ll[a,b] be a complex—valued function.

Then we have: |IZ f(x)dx | = IZ | £(x) | dx Zf and only if there exists a
constant o € €, with |a | = 1, such that | £(x)| = af(x) a.e. on [a,bl.
PROOF. Let z := fz f(x)dx and define o ¢ € such that az = |z |. Clearly
| a | = 1. Putting u(x) := Re{df(x)} we have u(x) < |of(x) | = | £(x) | and

the inequality is strict for all x ¢ V, where the subset V ¢ [a,b] is de-
fined by: x € V iff Im{of(x)} # 0. Hence u(x) < ] of (x) | = ! f(x) I, for

x € V and fz u(x)dx < IZ |f(x) |dxiff n(V) > 0, where u(V) is the measure
of the set V.

b b b
|{ f(x)dx | = |z | =0z = J af (x)dx = Re{J af (x)dx} =
a a a

Re{of (x)}dx = | u(x)dx.

Il
P ——C
P —C

Consequently |IZ f(x)dx‘ < f2| f(x) [dx iff u(V) > 0. In other words:
IZ f(x)dx |= fg If(x) |dxiff u(x) = af(x) a.e., which is the same as
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| =af(x) ace. O

iM 6.2. If X\ € Po(A) and X # AO then Re) < AO.

. (i) Suppose Rer > A, and A € o(A). Then 1 € PG(TA) which implies

0
EX¢ = ¢ for some ¢ € XO.
1er words
min(},x)

kk(€)¢(2€)d€ = ¢(x).

Nl ¢
[V

(2.10) we arrive at

min(},x)

-Ar (&)

k(g)e $(28)de = ¢(x).

[T
[}

g absoiute values on both sides, we find

2,%) k(g)e—ReA'r(g)l¢(2£)I dg = I¢(x) I, which can be written as:
|o|>]¢| (with respect to KO) where | ¢ | € XO is defined by

(x) := [ ¢(x) |. Using theorem 6.2. of KREIN and RUTMAN (See [6]) we

n T .y = p}p for some Y € KO/{O} and p > 1. Consequently r(T_, .) = 1,

ReA ReA
e ‘other hand, theorem 4.4. and theorem 5.3. state that r(TReA) <1

for the cases a > 0 and a = 0. Now we have proved that A € o(A)

es that Re) < XO.
(ii) Now suppose that X = AO + in and X € 0(A). This implies that

= ¢ for some Y ¢ X, and as in (a) we deduce TReA le > |¢ ‘, i.e.

0
v|=]v|. Suppose that TAO |v|#]|v /| This yields TAO lvle KO/{O}.
be the strictly positive eigenfunctional satisfying T;OFO = FO. Then
(T, |vl|-lv]h = (T¥ F Y(|u|)-F.(]y]|) = 0, which is a contradiction.
0" Ag A0 0 0
quently TA |v|=|v]|, which means, by the simplicity of the eigen-
1 of TA :O|Q)| = Y¢0, for some constant y € ¢, which we may assume
one, wighout loss of generality. As a consequence
V| o= ¢0(x)e1a(x), where a(x) ¢ R, x € [}a,1]. Using Iwa | = |v] =

A lv|= TA0¢0’ we find
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min(%,x) min(%,x)
kx0(5)¢o(25)d5 = | k, (€)v(28)de]| =
la la
min(},x)
| ominr (&) h1(2€)dgl .

Iy (€45 2)e

1
3d

sing lemma 6.1. we obtain a(2£) -9 r(E) = C where C is a constant.Hence
(x) = C+ n r(4x). Inserting this in
min(},x)
Ky (©)V(26)dE = y(x) =
3a
min(},x)

- J N (014,20 P = 4 el ),
0

[T
[V}

> obtain

min(},x)
- e il
e k, (£)0,(20)dE = g (e s T TR,
0

Nl—
B —

1ich implies
9o (x) = ¢O(X)ei"r(%x) a.e.

3 a consequence n = 0, which implies that A = AO' 0

In section two we noticed that all elements of 0(A) are isolated. Now
: are going to show that in every vertical strip s < Rel < t, there are

1ly finitely many of them.

:t the Banach space X be the space of all continuous functions on [}a,l]
.th the supnorm. Clearly X, is a closed subspace of X. For every X ¢ C

ne operator TA: X0 - X0 can be extended to the larger space X. This exten-

.on is also denoted by the symbol Tk'
min(},x)

1) (T,) () = K, (£)4(26)dE, ¢ € X .

Nl
o —




2es immidiately: TAX c XO. As a consequence TA¢ = ¢, ¢ € X, implie

b e XO. Using theorem 2.2, we have
) Aeo(A) &= 1¢ePo(T,|,)=1¢€Po(T,) ,
A XO A
TAIX denotes the restriction of T,: X > X to the subspace X;-.
0

Let e, € X be defined by: el(x) =1, la<x<1.
{ » X can be decomposed in the following way:

& X:

— Nl
Nl

(T,6) () = | k, ()6 (26)dE - ky (£)0(20)dE = B, (d)e, +

min(1,x)

(ST
[V

HA is a bounded linear functional.

H,(9) := | K, ()¢ (28)dE .

1
2
a

Nl—

is a bounded linear operator on X.
%
J k, (£)$(26)dE .

min(3,x)

A

(NA¢) (%)

The reason that we have embedded XO in the larger space X might be
now: X is invariant under N, but XO isn't.Again we make a distin

en the cases a > 0 and a=0.

EM 6.3. The operator N, is compact and nilpotent, for all X € €, <

A
0 for some p ¢ I, where p does not depend on A.

. .. -p+ -p+
. Compactness is trivial. Let p € N be such that 2 p+l <a<2P

we have NE_] # 0 and Ng =0 . To see this, we observe that for all
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W0 @ =0, x=}
W29 ) = 0, x =}
) ) =0,  x = ja.

Substitution of T, ¢ in (6.4) gi
2

DEFINITION.
(6.8) ej := Nxej_1 s 3 = 2,4,
REMARK.
= p =
(6.9) Nkep NAe1 0.
LEMMA 6.4. e

1,...,ep are linearly in

R(Ti) c span <e],...,ep>, where span

spanned by the functions S ERRREL
PROOF.
e,(x) = (e ) () # 0,

A straightforward computation shows

ei(x) # 0 if x < 2—1+1.

Now suppose that for certain a, € c,

Then

ave
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wich implies that a, = 0. Likewise we find that a, = 0 for all i = 2,...,p.

This proves the linear independence of el,...,ep. A computation similar to
(6.7) yields

Py = p-1 p-2
(6.10) TA¢ HA(TA ¢)e1 + HA(TA ¢)e2 + ... + H)\(qs)ep

for all ¢ € X, where we have used that Ng = 0. This completes the proof. g

Defining

(6.11) fj 1= HA(ej)’ J=1l,...,p

we have

(6‘12) T.e. = H . = I = .=
283 A(EJ)GI + NAej fje] + ej+l’J l,...,p, where ep+l = 0.

REMARK.

One should keep in mind that ej and fn both depend on .
Now suppose that A € o(A). This implies that 1 € PG(TA)' Therefore TA¢ = ¢

for some ¢ € X, ¢ # 0. Consequently Tp¢ ¢. In other words ¢ < (Ti) c

A
span < el,...,eP >. Hence we can write ¢ = ¢1e] + ..+ ¢pep. Using (6.12)

we find

Il o~>1 9
-
0]
'—l
[l
hSS
]
3
>
-
1
il o~10
©-
3
>
®
1
Iro~19

L 05 (Fjepres ).

1 1=1

Using the linear independence of the functions e. we conclude
i

¢]=¢]f1+....+¢f 3

¢] ¢2 = a0l =0,

]

¢ # 0 implies ¢, # 0 and therefore L fp = 1. Furthermore fP

= H}(ep) = 0. Now we have proved:

WMMM&iAeo@)ﬁaﬂoﬂyﬁH“%+.“+e 9=1.
P

THEOREM 6.6. Suppose s < t. In the vertical strip s < Re) < t, there are

only finitely many points of o(A).

PROOF. Suppose X € o(A). Following theorem 6.5, we conclude that
H)‘(e1 + ...+ ep—l) =1,




He) = | k(®dag= | ke T

QN
n —

N
Nl

there we have used (2.12). Moreover

2
r(€) = G(2£) - G(E) = [ 4T s
J gl ’
£

here

inf 1

$ 3= fella,1] g(m)

'rom considerations. similar to those which are used to

IEMANN-LEBESGUE lemma, it follows that

Ié%giw Hx(el) = 0, uniformly in s < Re) < t.

sing the same argements for i > 1, we find

1lim H>\(e1 + ... + e

(iim ) = 0, uniformly ir
m _co

p-1

his together with the fact that all elements of o(A) a
see th. 2.4.), proves the theorem. il

I. a=20

n this situation, the proof of theorem 6.6. follows th

e have to pay more attention to some details.

et H, and N, be defined by (6.5) and (6.6) where la is

gain we have
6.13) T,¢ = H (d)e, + N,¢, ¢ € X,
et ej be defined by (6.8) for all j =2 1.

HEOREM 6.7. N, ie compact and quasinilpotent.

the well-known

: lines, although

iced by O.
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ROOF. The proof that Nk is compact is trivial. Now suppose that
€ Po(NA); hence there exists a ¥ € X\{0} such that wa = u y. Consequently
§¢ = ukw, for all k = 1. Observing that (Niw)(x) = 0, for x = 2_k we conclude

hat u = 0. As a consequence O(NA) = {0}, which proves the theorem. [

EMMA 6.8. n. := I._ e ¢ X, and I n_ | s uniformly bounded in every vertical

A k=1"k )y
trip s < ReX < t.
ROOF. It suffices to prove that Z?=1" ej" < o, We have ||el|| = 1% suppose
< ReX £ t,
1 1
le, )| < |k, (€)]dg < I [k, (©)] dg < =,
min(i,x) 0

here we have used (2.7). This yields

ez(x) =0, x4,
‘ez(x)l < M, X = %;
here
1
M := max ( j lkx(i)ldg).
s<ReA<t
1 0
Iy
|e3(x)| < J (k)\(E)IMdE <lLM ,
0
there
6.14) L := max {}kx(g)] | 0 <g<1i, s <Rel <t}

iy induction we find that

1 1
“ek“ AR IREEE —— L .M

rich completes the proof.

'HEOREM 6.9. T,¢ = ¢ 18 solvable if and only if Hx(nx) = 1. - In that case




= Hx(q))n}‘.
ROOF.
i) Suppose TA¢ = ) we obtain Nk¢ = ¢ - Hx(¢)e]. If we
put ¢ := H,(¢) =¢ - Hx(¢)f1 - H, ($)N,n, =
= ¢ - HA(¢)e] eeee) = ¢ - ¢. Now the quasinilpotence
of NA implies therefore ¢ = HA(¢)nA' Consequently
HA(¢) = HX(¢)H (¢) # 0 because ¢ # 0 and thus
Hy(n) = 1.
ii) Suppose Hx(nk) an, (where a is to be determined),
we obtain TA¢ e1 + uNXnA = anx = ¢. As a consequence
HA(¢) = aH, (n, e conclude that ¢ = Hx(¢>”x‘ 0
Now suppose th < t. According to lemma 6.8. there
xists a constant M A“ < M, for all X in the vertical strip
< Rel £ t. We hav
Hx(nx) = =
€
- { i, ( (e, (26)dE
0
€ €
BENRC [1,0 1 sme,
0 0
here L is defined se g < % such that ¢ LM] < %.Hence
| B, () yn, (26)dE |
or all X satisfyin re exists a j0 € N such that j > jO
mplies ej(x) =0
his yields
l Hx(ﬂx) kA(E)ej(ZE)dS |
n the proof of the seen that I%kgiw Hx(e] + ... + ep) = 0,
niformly in the ve e,< t.Similarly we have

zS
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lhiB. C 1 1 | k(B)e.(28)dE | ) =0
j=1 J

M N

uniformly is the vertical strip s < Rel £ t. As a consequence, the
a A > 0 such that for all A satisfying s < RexA < t and |Im A| = A
3 1
JO |
k 2
2| y(Bes(28)de | < 7.
1=1
€
For these values of A we obtain !HX(HA)I < % and by theorem 6.9.

implies A # 0(A). Now we have proved:

THEOREM 6.10. Suppose a = 0. In every vertical strip s < ReX < t,

only finitely many points of 0(A).

EXAMPLE. Suppose a 2 %. Then the characteristic equation looks as

e

kk(i)di = 1.

fa
The value of the parameter XO’ especially the sign of AO appears t
important. In fact the asymptotic behavior for t -+ = of the soluti
time—-dependent equation (0.2) is completely determined by the valu
as will be proved in [2]. Therefore we shall deduce two equations

which, in some practical cases the sign of Ao can be computed.

We have:

f;(g(X)no(X)) = *KOHO(X) - u(X)no(X) - b(X)nO(X) + 4b(ZX)nO(ZX), 3

Integration along the interval [4a,l] gives us

[1aB - 1GIn G)dx

(6.15) AO = 7
f%ano(x)dx

29

sts

are

‘ery

the

0°
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\nother similar equation can be derived, if we first multipl:

chen integrate along the interval [{a,1]. In that case we fi:

[la (8G9 = xu()ny (0 dx

0 y :
Jia xno(x)dx

6.16) A

JECTION SEVEN: THE ADJOINT OPERATOR

In section four and five we have seen that there exists

‘unctional FO’ satisfying
7.1) T, F, = F

here F, ¢ K. if a > 0 and F. € K. if a = 0. Here T" : M > M
0 m 0 0 AO
‘he space of all Borel-measures on [}a,1].

EMARK. The fact that ¢(}4a) = 0 for ¢ € X0 implies that we ce

urselves to the space of Borelmeasures on (}a,l1].

onsequently F, is represented by some measure p. € M.
q Y ¥ P y 0

Fo(9) = Fu0(¢) = .[ ¢duy, ¢ € X,
_ [ia,1]
ith MS we denote the subset of M consisting of all positive
.e. U € MS implies
p((x,y1) 2 0 for 4a < x <y < 1.
et M; R {u€M|u((x,1]) >0, if la < x < 1}.
+ +
hen M'’'’cM.
0~ m

urthermore

X, an

itive

M denc

irict

leasure
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* + * +
KO = MO and Km = Mm.
Let NBV [la,1] be all bounded -variation- functions f which are normalized

by the condition: £(1) = 0.

DEFINITION For u € M, the function u e NBV [la,1] is defined by
p(x) = u((x,11).

+ — .
If p e Mh, then u(x) > 0, for all x € [}a,1]. For the adjoint operator
*

TA : M > M one can deduce the following explicit expression.

Let u € M and T; ¢ = v, then we have
1

(7.2) v(x) =} J ko (38) w(ze)de,
max(x,a)
Now (7.1) can be rewritten as T; My = Hgs O equivalently
1 0
(7.3) u(x) = 4 J k>\0 (18) uy(3E)dE
max(x,a)

+ +
where Ho € Mm’ if a > 0 and UO € M0 if a = 0. From (7.3) one sees that

+ . . . .
My € M; implies that Wy € M.. (This can also be proved without using this

0
explicit expression). Furthermore Hb e Clia,1].Let
| . e}OG(X) B
(7.4) no(x) = -E?;j——»uo(x).

Then.ng e Clia,1]. (A straightforward computation shows that'n; has a

removable singularity for x = 1) Furthermore ng(x) >0 if x < 1. The

adjoint of A, A" D(A*) > Lw[%a,l] is given by

(A"m) (x) = g(X)% - p(x)m(x) - b(x)m(x) + 2b(x)m(3x)

(where m(ix) = 0, x < a)

*
for m ¢ D(A) = {meLm[%a,1]| %% is defined a.e.,

m(1) =0, and¥__r1, 17 g(x)f'}f(l - p®)nE) - bE)n(x) +

+ 2b(x)m(ix) « Lm[%a,l]}.
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CHEOREM 7.1. n; € D(A*) and nS s the unique solution of the equation

*
\m = A m.

0

’he proof of this theorem is straightforward.

EMMA 7.2. AL - A is a Fredholm-operator with index 0 for all X € C.

'ROOF . Suppose A € C\o(A) and let Rl := (AfAI)_l. From the construction of
LA in the proof of theorem 2.2 it is clear that R, as an operator from

[3a,1] to Cl[}a,1] is bounded, which implies that R, as an operator from

1 A
.IE%a,l] to Lp[%a,l] is bounded, for all p. Let p be fixed, p # 1, p # «.
© . 1 ©
et {¢n}n=l be a bounded sequence in Ll[za,l], then we have that {Rk¢n}n=1
s a bounded sequence in Lp[%a,l], and as a consequence of the theorem of

Jlaoglu it has a weakly convergent subsequence which we denote with

o

Rx¢nk}k=1‘

Rx¢nk +-w1im, k - o, weakly in Lp.
et q be given by %—+ é-= 1, then we have L [ja,1] c Lq[%a,l], because
'e are working on a finite interval. Consequently Rk¢nk - wlim’ k > o,

eakly in L, . Now we have proved that R Ll[%a,lj > Ll[%a,l] is weakly

1 A
ompact. Using corollary V.2.4 of GOLDBERG [3], we find the result. [

Now using this lemma, the algebraic simplicity of the eigenvalue AO’
nd a result of KAASHOEK ([4], theorem 4.3) we may give the following de-

omposition of the space Ll[%a,]]:

7.5) LIE%a,IJ = Ker(A-AOI)$Ran(A—AOI) g

here Ker(A—XOI) is the nullspace of A - AOI and Ran(A-AOI) is the range

f A- KOI.

Let P be the orthogonal projection on Ker(A—AOI), then

<ng,n>
7.6) Pn =——*——— nO 3
<n0,n>
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where
1
<*>—f*()()d L [ia,1]
ng,n> = J n, (x)n(x)dx, ne L lza,l1].
ia

REMARK. <n;,n> >0 if n(x) 2 0, a.e. and n # 0.
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